
191

4

§ 4.1

x a x a

4.1.1

FTEXT I a n
n︷������������︸︸������������︷

a × a × · · · × a an a n

a × a × · · · × a︸������������︷︷������������︸
n

= an

a n an (index number)

a1 = a a2 a (square) a3 a (cube)

a a2 a3 · · · a (power)

i) a2 × a4 = (a × a︸︷︷︸
2

) × (a × a × a × a︸����������︷︷����������︸
4

) = a6 (= a2+4)

ii) (a2)4 = (a × a︸︷︷︸
2

) × (a × a︸︷︷︸
2

) × (a × a︸︷︷︸
2

) × (a × a︸︷︷︸
2

) = a8 (= a2×4)

iii) (a × b)4 = (a × b) × (a × b) × (a × b) × (a × b) = a4 × b4

(law of exponents)

x y

1) axay = ax+y 2) (ax)y = axy 3) (ab)x = axbx
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4.1.2

2 3 3 ±√3 2

3 4 · · ·
n

n n a

xn = a

x a n (nth root)

23 = 8 2 8 3 24 = 16 (−2)4 = 16

−2 2 16 4

2 (square root) 3 (cubic root) 2

3 4 · · · (radical root)
a n

0 a n

1) n
y = xn

y = xn

n
√

a

a

x

y

O

n = 3 x

a a n

1 n
√

a n

a
n
√

a a

23 = 8 3√8 = 2

2) n
y = xn

y = xn

n
√

a− n
√

a

a

x

y

O

n = 4 x

a 2

n n
√

a

− n
√

a

24 = 16 (−2)4 = 16
4√16 = 2 − 4√16 = −2

a a n

0 0 0 0 n√0 = 0
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� �

(1) 3√−27 (2) − 4√81

(3) 6√0.000001 (4) 3√0.125
� �

(1) −27 3 x3 = −27 x −3 � x3 = −27
⇔ x3 + 27 = 0
⇔ (x + 3) (x2 + 3x + 9)︸����������︷︷����������︸ = 0

3√−27 = −3

(2) 81 4 x4 = 81 x −3 3 � x4 = 81
⇔ x4 − 81 = 0
⇔ (x2 − 9)(x2 + 9) = 0
⇔ (x − 3)(x + 3) (x2 + 9)︸���︷︷���︸ = 0

− 4√81

− 4√
81 = −3

�
4√81 = 3

−3
(3) 0.000001 6 x6 = 0.000001 x � x6 = 0.000001

⇔ x6 − 0.000001 = 0
⇔ (x3 − 0.001)(x3 + 0.001) = 0
(x − 0.1) (x2 + 0.1x + 0.01)︸�����������������︷︷�����������������︸ = 0

(x + 0.1) (x2 − 0.1x + 0.01)︸�����������������︷︷�����������������︸ = 0

−0.1 0.1 6√0.000001

6√
0.000001 = 0.1

(4) 0.125 3 x3 = 0.125 x 0.5 � x3 = 0.125
⇔ x3 − 0.125 = 0
⇔ (x−0.5) (x2 + 0.5x + 0.25)︸�����������������︷︷�����������������︸ = 0

3√
0.125 = 0.5

a n (p.192) a n

a n

a > 0 b > 0 m n l

1)
(

n
√

a
)n
= a 2) n√a n√b = n√ab

3)
n√a
n√b
= n

√ a
b

4)
(

n
√

a
)m
=

n√am

5) m
√

n
√

a = mn
√

a 6) n√am =
nl√

aml

4√2 4√8 2) 4) 1)

4√
2

4√
8 =

4√
2 × 8 =

4√
24 = (

4√
2)4 = 2
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1) n
√

a n a n
√

a

n a �

2) n√a > 0 n√b > 0 n√a n√b > 0

( n√
a

n√
b
)n
=

( n√
a
)n ( n√

b
)n

� 3) (p.191)

= ab � 1) (p.191)

n√a n√b ab n
n√ab �

3) n√a > 0 n√b > 0
n√a
n√b

> 0

(
n√a
n√b

)n

=

(
n√a

)n

(
n√b

)n � 3) (p.191)

=
a
b

� 1) (p.191)

n√a
n√b

a
b

n

n

√ a
b

�

� �
(p.191) 4) 6)

� �

4)
(

n
√

a
)m
> 0

{(
n√a

)m}n
=

(
n√a

)mn
� 2) (p.191)

=
{(

n√a
)n}m

� 2) (p.191)

= am � 1)

(
n
√

a
)m

am n
n√am

�

5) m
√

n
√

a > 0

{
m
√

n√a
}mn

=

{(
m
√

n√a
)m}n

� 2) (p.191)

=
(

n√a
)n

� 1)
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= a � 1)

m
√

n
√

a a mn
mn
√

a

�

6) n√am > 0

{
n√am

}nl
=

{(
n√am

)n}l
� 2) (p.191)

= (am)l � 1)

= aml � 2) (p.191)

n√am aml nl
nl√

aml

�

� �

(1) 3√4 3√16 (2)
5√96
5√3

(3) 3√216

(4)
3
√√

729 (5) 6√8 (6) 15√27
� �

(1) 3√4 3√16 = 3√4 × 16 � 2) (p.193)

=
3√
43 = 4

(2)
5√96
5√3
= 5

√
96
3 � 3) (p.193)

=
5√32 =

5√
25 = 2

(3) 3√216 =
3√
63 = 6

(4)
3
√√

729 = 6√729 � 5) (p.193)

=
6√
36 = 3

(5) 6√8 =
6√
23

=
√

2 � 6) (p.193)

(6) 15√27 =
15√

33

=
5√
3 � 6) (p.193)
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§ 4.2

4.2.1

3−2

1) (p.191)

0

3−2 32 3 2

3−2 3 −2 −2

−2

36 × 3−2 1) (p.191)

36 × 3−2 = 36−2 = 34

3−2 X

36 × X = 34

X X = 34

36 =
1
32 3−2 1

32

30

32 × 30 1) (p.191)

32 × 30 = 32+0 = 32

30 Y

32 × Y = 32
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Y Y = 32

32 = 1 30 1

1) (p.191) x 0

a0ay = a0+y = ay

a0 = 1

1) (p.191) x y = −x

axa−x = ax−x = a0 = 1

a−x =
1
ax x

0 a x

a0 = 1 , a−x =
1
ax

an

· · · , a3 , a2 , a1 = a , a0 = 1 , a−1 =
1
a
, a−2 =

1
a2 , a−3 =

1
a3 , · · ·

x x 1

x y a b 0

1) axay = ax+y 2) (ax)y = axy 3) (ab)x = axbx

1’) ax

ay = ax−y 3’)
(

a
b

)x
=

ax

bx

� �
x = 3 y = −2 1) 2) 3)

� �

1)

= a3a−2 = a3 × 1
a2 = a
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= a3+(−2) = a

2)

= (a3)−2 =
1

(a3)2 =
1
a6

= a3·(−2) = a−6 =
1
a6

3)

= (ab)−2 =
1

(ab)2 =
1

a2b2

= a−2b−2 =
1
a2 × 1

b2 =
1

a2b2

1’) 3’)� �
1’) 3’) 1) 2)

3)
� �

1’)

ax

ay = ax × 1
ay = ax × a−y

= ax−y � 1)
(p.197)

�

3’)

(
a
b

)x
=

(
a × 1

b

)x
=

(
a × b−1

)x

= ax ×
(
b−1

)x
� 3)

(p.197)

= ax × b−x � 2)
(p.197)

= ax × 1
bx =

ax

bx �
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� �

(1) 2 · 2−2

2−3 (2) 1010

27 · 55

(3)
(a2b)3

(−ab3)2 (4)
(a5b−2)−3

(a−2b)5

� �

(1)

2 · 2−2

2−3 = 2 · 2−2 · 23 � 1’)
(p.197)

= 21−2+3 � 1)
(p.197)

= 22 = 4

(2)

1010

27 · 55 = (10)10 · 2−7 · 5−5 � 1’)
(p.197)

= (2 · 5)10 · 2−7 · 5−5

= 210 · 510 · 2−7 · 5−5 � 3)
(p.197)

= 210−7 · 510−5 � 1)
(p.197)

= 23 · 55 = 25000

(3)

(a2b)3

(−ab3)2 =
a6b3

a2b6 � 3)
(p.197)

= a6b3a−2b−6 � 1’)
(p.197)

= a6−2b3−6 � 1)
(p.197)

= a4b−3

(4)

(a5b−2)−3

(a−2b)5 =
a−15b6

a−10b5 � 3)
(p.197)

= a−15b6a10b−5 � 1’)
(p.197)

= a−15+10b6−5 � 1)
(p.197)

= a−5b
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4.2.2

3
1
2

2) (p.197)

1
2 3

1
2 32 3 2

3
1
2 3 1

2
1
2

(3
1
2 )2 2)

(p.197)

(
3

1
2

)2
= 3

1
2×2 = 31

3
1
2 X

X2 = 3

X 3 3
1
2

√
3

−√3 −3
1
2

3
2
3

3
2
3 2) (p.197)

(
3

2
3

)3
= 3

2
3×3 = 32

3
2
3 Y

Y3 = 32

Y 32 Y =
3√
32 3

2
3

3√
32

a > 0 x ax

2) (p.197) x m
n

y n m n

(a
m
n )n = am
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n am a
m
n am n n√am

a > 0 m n

a
m
n =

n√am

3√5 = 5
1
3

5√8 =
5√
23 = 2

3
5

� �
a

m
n

n√am n√am

a
m
n

(1) a
1
2 (2) a

2
5 (3) a−

3
2 (4) a−

2
5

(5) 5
√

a (6)
3√
a5 (7)

6√
a−3 (8) 1

4√
a3

� �

(1) a
1
2 =
√

a
(2) a

2
5 =

5√
a2

(3) a−
3
2 =

2√
a−3

(4) a−
2
5 =

5√
a−2

(5) 5
√

a = a
1
5

(6)
3√
a5 = a

5
3

(7)
6√
a−3 = a

−3
6 = a−

1
2

(8) 1
4√
a3
= 4

√
1
a3 =

4√
a−3 = a−

3
4

x y a b

1) axay = ax+y 2) (ax)y = axy 3) (ab)x = axby

1’) ax

ay = ax−y 3’)
(

a
b

)x
=

ax

by

� �
p = 2

3
q = 1

3
1) 2) 3)

� �

1)

= a
2
3 a

1
3 =

3√
a2 3√a
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=
3√
a3 � 2) (p.193)

= a

= a
2
3+

1
3 = a

2)

= (a
2
3 )

1
3 =

3
√

3√
a2

=
9√
a2 � 2) (p.193)

= a
2
3× 1

3 = a
2
9 =

9√
a2

3)

= (ab)
2
3 =

3
√

(ab)2 =
3√
a2b2

= a
2
3 b

2
3 =

3√
a2 3√

b2

=
3√
a2b2 � 2) (p.193)

� �

(1) 100
1
2 (2) 25−

1
2

(3) 8−
2
3 (4) 160.75

� �

(1) 100
1
2 =

(
102

) 1
2

= 102× 1
2 �

2) (p.201)
= 10

(2) 25−
1
2 = (52)−

1
2

= 52×(− 1
2 ) �

2) (p.201)
= 5−1 =

1
5

(3) 8−
2
3 = (23)−

2
3

= 22×(− 2
3 ) �

2) (p.201)
= 2−2 =

1
4

(4) 160.75 = 16
75
100 = 16

3
4 = (24)

3
4

= 24× 3
4 �

2) (p.201)
= 23 = 8
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� �
p.195

(1) 3√4 3√16 (2)
5√96
5√3

(3) 3√216

(4)
3
√√

729 (5) 6√8 (6) 15√27
� �

(1) 3√4 3√16 =
3√
22 3√

24

= 2
2
3 2

4
3 �

(p.201)

= 2
2
3 · 43 �

1) (p.201)= 22 = 4

(2)
5√96
5√3
=

96
1
5

3
1
5 �

(p.201)
=

(
96
3

) 1
5
= 32

1
5 = (25)

1
5

�
3’) (p.201)

= 25· 15
�

2) (p.201)
= 2

(3) 3√216 =
3√
63 = 6

(4)
3
√√

729 =
(
729

1
2

) 1
3

�
(p.201)

= 729
1
2 · 13 �

2) (p.201)
= 729

1
6 = (36)

1
6

= 36· 16 �
2) (p.201)

= 3

(5) 6√8 =
6√
23

= 2
3
6 �

(p.201)= 2
1
2

(6) 15√27 =
15√

33

= 3
3
15 �

(p.201)= 3
1
5

4.2.3

x ax a
√

2
√

2 =

1.4142 · · ·
a1 , a1.4 , a1.41 , a1.414 , a1.4142 , · · ·
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a
√

2

p ap

x y a b

1) axay = ax+y 2) (ax)y = axy 3) (ab)x = axby

1’) ax

ay = ax−y 3’)
(

a
b

)x
=

ax

by
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§ 4.3

y = ax a a > 1 a \= 1

4.3.1 y = 2x

a f (x) = ax

x

y

O

a = 2

y = 2x

(p.196) x

x y = 2x

x 1 2 3 4 · · ·
y 2 4 8 16 · · ·

(x, y)

x � 4 y

x y = 2x

x

y

O

x · · · −4 −3 −2 −1 0 1 2 3 4 · · ·
y · · · 1

16
1
8

1
4

1
2

1 2 4 8 16 · · ·
(x, y)

x

−1 −2

2−1 =
1
2
, 2−2 =

1
22 =

1
4

– www.ftext.org –
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x x

x

y

O

x 1
2

1
4

3
2

x y

2
1
2 =
√

2 � 1.414

2
1
4 =

(
2

1
2

) 1
2 =
√

1.414 � 1.189

2
3
2 = 21+ 1

2 = 2 × 2
1
2 � 2 × 1.414 = 2.828

*1

x · · · −4 −3 −2 −1 0 1
4

1
2

1
3
2

2 3 4 · · ·

y · · · 1
16

1
8

1
4

1
2

1 1.189 1.414 2 2.828 4 8 16 · · ·
(x, y)

4.3.2

y = 2x

x 2x

x1 x2

x1 < x2 =⇒ 2x1 < 2x2

� �
y = 2x x x1 x2

(1) x > 0 ⇐⇒ 2x > 1

(2) x1 < x2 =⇒ 2x1 < 2x2

� �

(1) ⇒ � 2x > 1 2x � 1

x (> 0) x = m
n

m, n

*1 (p.??)
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2x � 1 · · · · · · · · · · · · · · · · · · · · · · 1©

(2x)n � 1n

⇔ (2
m
n )n � 1

⇔ 2m � 1

m

2m =

m︷�����������������︸︸�����������������︷
2 × 2 × 2 × · · · × 2

> 1 × 1 × 1 × · · · × 1 = 1

x

x > 0 ⇒ 2x > 1

⇐ � x > 0 x � 0

x x = m
n

m n

x � 0

m � 0 · · · · · · · · · · · · · · · · · · · · · · 2©

(2x)n > 1n

⇔ (2
m
n )n > 1

⇔ 2m > 1

2 > 1 m

2m =

(
1
2

)−m

=

−m︷�����������������︸︸�����������������︷
1
2
× 1

2
× · · · × 1

2

<
1
1
× 1

1
× · · · × 1

1
= 1

x

x > 0 ⇐ 2x > 1

(2) x2 − x1 > 0

⇒ 2x2−x1 > 1 � (1)

⇔ 2x2

2x1
> 1

⇔ 2x2 > 2x1 �
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y = 2x
y = 2x

x

y

O

y = 2x

x y

f (x) x1 x2

1) x1 < x2 =⇒ f (x1) < f (x2)

f (x) (monotone increasing function)
a

2) x1 < x2 =⇒ f (x1) > f (x2)

f (x) (monotone decreasing function)

(monotone)

a x1 < x2 =⇒ f (x1) � f (x2)

y =
(

1
2

)x

y =
(

1
2

)x
x −x1

y = 2xy =
(

1
2

)x

x1−x1

2x1

x

y

(
1
2

)−x1

= (2−1)−x1 = 2x1

y = 2x x x1

y =
(

1
2

)x

y = 2x y

y =
(

1
2

)x

y = ax a
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y = 2x

y = 3x
y = 8x

y =
(

1
2

)x

y =
(

1
3

)x
y =

(
1
8

)x

1

x

y

O

a n (p.192) a n

n

a > 0

a = 1 ax 1

a = 1

a > 0, a \= 1 x

f (x) = ax

a (base) x (exponential function)

y = 2x (p.205)

y = ax 1 1

– www.ftext.org –
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y = ax

a > 1
y = ax

1
x1

ax1

x2

ax2

x

y

O

0 < a < 1
y = ax

1
x2

ax2

x1

ax1

x

y

O

1)

2) (0, 1) x

3) x y 1 1

ax1 = ax2 ⇐⇒ x1 = x2

4)

a) a > 1

x1 < x2 ⇐⇒ ax1 < ax2

b) 0 < a < 1

x1 < x2 ⇐⇒ ax1 > ax2

0 < a < 1 x1 x2 ax1 ax2

42 < 43 (0.9)2 > (0.9)3

� �

(1) 3√4
(√

2
)3

(0.5)
1
3 (2) 20.3 4−

3
2 8−

1
6

(√
2
)3

� �

(1)

3√
4 =

3√
22 = 2

2
3

(√
2

)3
= 2

3
2

(0.5)
1
3 =

(
2−1

) 1
3
= 2−

1
3 � 2

y = 2x − 1
3
<

2
3
<

3
2

2−
1
3 < 2

2
3 < 2

3
2 �

4) (p.210)
y = 2x

− 1
3

2−
1
3

2
3

2
2
3

3
2

2
3
2

x

y

O
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∴ (0.5)
1
3 <

3√
4 <

(√
2
)3

(2)

20.3 = 2
3
10

4−
3
2 =

(
22

)− 3
2
= 2−3

8−
1
6 =

(
23

)− 1
6
= 2−

1
2

(√
2
)3
=

(
2

1
2

)3
= 2

3
2 � 2

y = 2x −3 < − 1
2
<

3
10

<

3
2

2−3 < 2−
1
2 < 2

3
10 < 2

3
2 �

4) (p.210)
y = 2x

−3

2−3

− 1
2

2−
1
2

3
10

2
3
10

3
2

2
3
2

x

y

O

∴ 4−
3
2 < 8−

1
6 < 20.3 <

(√
2
)3

1 1� �

(1) 4x = 2x+1 (2) 4x > 2x+3

(3)
(

1
3

)x−2
= 27x (4) 9x �

(
1
3

)1−x

� �

(1) 4x = 2x+1

⇔ 22x = 2x+1 � 2

⇔ 2x = x + 1 � 3) (p.210)

⇔ x = 1
(2) 4x > 2x+3

⇔ 22x > 2x+3 � 2

⇔ 2x > x + 3 � 4) (p.210)

⇔ x > 3

(3)
(

1
3

)x−2
= 27x

⇔ 3−x+2 = 33x � 3

⇔ − x + 2 = 3x � 3) (p.210)

⇔ x = 1
2
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1
3(

1
3

)x−2
=

(
1
33

)−x

⇔
(

1
3

)x−2
=

(
1
3

)−3x

� 1
3

⇔ x − 2 = −3x � 3) (p.210)

⇔ x = 1
2

(4) 9x �
(

1
3

)1−x

⇔ 32x � 3−1+x � 3

⇔ 2x � −1 + x � 3) 4) (p.210)

⇔ x � −1
1
3(

1
32

)−x
�

(
1
3

)1−x

⇔
(

1
3

)−2x
�

(
1
3

)1−x

� 1
3

⇔ − 2x � 1 − x � 3) 4) (p.210)

⇔ x � −1

2 2� �

(1) 4x − 2x+2 − 32 = 0 (2) 9x − 24 · 3x−1 − 9 = 0

(3) 4x − 2x < 2 (4) 9x − 25 · 3x − 54 > 0
� �

(1)

4x − 2x+2 − 32 = 0

⇔ 22x − 22 · 2x − 32 = 0

⇔ (2x)2 − 4 · 2x − 32 = 0

2x = t

t2 − 4t − 32 = 0

⇔ (t + 4)(t − 8) = 0

⇔ t = −4 , 8 · · · · · · · · · · · · · · · · · · · · · · 1©

t t = 2x > 0

t = −4 1© t t = 8 � 1) (p.210)

2x = 8
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⇔ 2x = 23

⇔ x = 3 � 3) (p.210)

(2)

9x − 24 · 3x−1 − 9 = 0

⇔ 32x − 24 · 3−1 · 3x − 9 = 0

⇔ (3x)2 − 8 · 3x − 9 = 0

3x = t

t2 − 8t − 9 = 0

⇔ (t + 1)(t − 9) = 0

⇔ t = −1 , 9 · · · · · · · · · · · · · · · · · · · · · · 2©

t t = 3x > 0

t = −1 2© t t = 9 � 1) (p.210)

3x = 9

⇔ 3x = 32

⇔ x = 2 � 3) (p.210)

(3)

4x − 2x < 2

⇔ 22x − 2x − 2 < 0

⇔ (2x)2 − 2x − 2 < 0

2x = t

t2 − t − 2 < 0

⇔ (t − 2)(t + 1) < 0

⇔ − 1 < t < 2 · · · · · · · · · · · · · · · · · · · · · · 3©

t t = 2x > 0 � 1) (p.210)

3© 0 < t < 2

0 < 2x < 2

⇔ 0 < 2x < 21

⇔ x < 1 � 4) (p.210)

– www.ftext.org –



214 4

(4)

9x − 25 · 3x − 54 > 0

⇔ 32x − 25 · 3x − 54 > 0

⇔ (3x)2 − 25 · 3x − 54 > 0

3x = t

t2 − 25t − 54 > 0

⇔ (t + 2)(t − 27)

⇔ − 2 < t < 27 · · · · · · · · · · · · · · · · · · · · · · 4©

t t = 3x > 0 � 1) (p.210)

4© 0 < t < 27

0 < 3x < 27

⇔ 0 < 3x < 33

⇔ x < 3 � 4) (p.210)
x 3x > 0

x

2� �

(1) y = 4x+1 − 2x+2 + 2 (−2 � x � 2) (2) y = −4x + 2x+1 + 1 (x � 2)
� �

(1) 2x = t −2 � x � 2

2−2 � t � 22

⇔ 1
4
� t � 4 · · · · · · · · · · · · · · · · · · · · · · 1©

y = 4x+1 − 2x+2 + 2

= 4 · 4x + 22 · 2x + 2

= 4 · (2x)2 − 4 · 2x + 2

y = 4t2 − 4t + 2

= 4
(
t − 1

2

)2
+ 1

1© �

1
2

1

4

50

y = 4t2 − 4t + 2

t

y

O– www.ftext.org –
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(t = 4) x = 2 50(
t = 1

2

)
x = −1 1

(2) 2x = t x � 2

0 < t � 22

⇔ 0 < t � 4 · · · · · · · · · · · · · · · · · · · · · · 2©

y = −4x + 2x+1 + 1

= −(2x)2 + 2 · 2x + 1

y = −t2 + 2t + 1

= −(t − 1)2 + 2

2© �

1

2

4

−7

y = −t2 + 2t + 1

t

y

O

(t = 1) x = 0 2

(t = 4) x = 2 −7

– www.ftext.org –





217

5

§ 5.1

?? (p.??) 2 2 3

2

4 8 2

5

5.1.1

2x = 8 2x =
1
2

x

y = 2x y = 8 y = 2x

1
2

8

1

−1 3 x

y

O

2x = 8

23 = 8 x

3

y = 1
2

2x =
1
2

2−1 =
1
2

x −1
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2x = 5 x

y x y = 2x

5

1

?

log2 5

x

y

O

y = 5

2x = 5

x

2x = 5

x x

log2 5

*1

3 5 3√5

2x = 5 x log2 5

log

log2 5� �
log2 5

� �

log2 5 log2 5

m n log2 5 = m
n

2
m
n = 5

n

2m = 5n

log2 5 �

*1 log2 5 2.3219
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y = ax

M

1

?

loga M

x

y

O

(p.209)

y = ax M

ax = M

x 1 a

(base) M (logarithm) *2

x = loga M

M loga M (aniti-logarithm)

a > 0 a \= 1

a > 0 a \= 1 M > 0

ax = M ⇐⇒ x = loga M

loga ax = x

2 8 log2 8 23 = 8

log2 8 = log2 23 = 3

3 1
9

log3
1
9

3−2 =
1
9

log3
1
9
= log3 3−2 = −2

a x

M

� �
x = loga M

(1) 34 = 81 (2) 10−2 = 0.01 (3) 16−
1
4 = 0.5

� �

*2 a M
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(1) 3 4 81 4 3 81

34 = 81 ⇐⇒ 4 = log3 81 � (p.219)

(2) 10 −2 0.01 −2 10

0.01

10−2 = 0.01 ⇐⇒ −2 = log10 0.01 � (p.219)

(3) 16 − 1
4

0.5 − 1
4

16

0.5

16−
1
4 = 0.5 ⇐⇒ − 1

4
= log16 0.5 � (p.219)

� �
ax = M

(1) 2 = log10 100 (2) 1
3
= log8 2 (3) −3 = log5

1
125

� �

(1) 2 10 100 10 2

100

2 = log10 100 ⇐⇒ 102 = 100 � (p.219)

(2) 1
3

8 2 8 1
3

2

1
3
= log8 2 ⇐⇒ 8

1
3 = 2 � (p.219)

(3) −3 5 1
125

5

−3 1
125

−3 = log5
1

125
⇐⇒ 5−3 =

1
125

� (p.219)

� �

(1) log4 64 (2) log27 9

(3) log2
1√
2

(4) log 1
4

1
2

� �
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(1) log4 64 = x

log4 64 = x

⇔ 4x = 64 � (p.219)

⇔ 4x = 43

⇔ x = 3

(p.219) log4 64 = log4 43 = 3
(2) log27 9 = x

log27 9 = x

⇔ 27x = 9 � (p.219)

⇔ 33x = 32

⇔ 3x = 2

⇔ x = 3
2

(3) log2
1√
2
= x

log2
1√
2
= x

⇔ 2x =
1√
2

� (p.219)

⇔ 2x = 2−
1
2

⇔ x = − 1
2

(4) log 1
4

1
2
= x

log 1
4

1
2
= x

⇔
(

1
4

)x
=

1
2

� (p.219)

⇔
(

1
2

)2x
=

1
2

⇔ 2x = 1

⇔ x = 1
2
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§ 5.2

5.2.1

(p.346) 10

log10 2 � 0.3010 , log10 4 � 0.6021 , log10 8 � 0.9031

(log10 8 =) log10(2 · 4) = log10 2 + log10 4

a a > 0 a \= 1 M > 0 N > 0

1) loga MN = loga M + loga N

1’) loga
M
N
= loga M − loga N

log2 18 = log2 3 + log2 6 log3
2
5
= log3 2 − log3 5

loga M loga N = loga M + loga N ,
loga M
loga N

= loga M − loga N

– www.ftext.org –
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� �
(p.204)

1) axay = ax+y 1’) ax

ay = ax−y

a

1) loga MN = loga M + loga N 1’) loga
M
N
= loga M − loga N

� �

1) axay = ax+y a

�

loga axay = loga ax+y

⇔ loga axay = x + y � (p.219)

ax = M ay = N x = loga M

y = loga N � (p.219)

loga MN = loga M + loga N �

1’) ax

ay = ax−y a

�

loga
ax

ay = loga ax−y

⇔ loga
ax

ay = x − y � (p.219)

ax = M ay = N x = loga M

y = loga N � (p.219)

loga
M
N
= loga M − loga N �

� �
a = log10 2 b = log10 3 a b

(1) log10 12 (2) log10 5 (3) log10
1

30
(4) log10 225

� �

(1) log10 12 = log10(2 · 2 · 3)

= log10 2 + log10 2 + log10 3 �
(p.222)= 2a + b

(2) log10 5 = log10
10
2

= log10 10 − log10 2 �
(p.222)
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= 1 − a � log10 10 = 1

(3) log10
1

30
= log10

1
2 · 3 · 5

= log10 1 − log10(2 · 3 · 5)
�

(p.222)= 0 − (
log10 2 + log10 3 + log10 5

)
�

(p.222)= − {a + b + (1 − a)}
� (2)

= −1 − b
(4) log10 225 = log10(5 · 5 · 3 · 3)

= log10 5 + log10 5 + log10 3 + log10 3 �
(p.222)= (1 − a) + (1 − a) + b + b � (2)

= 2 − 2a + 2b

5.2.2

(p.346)

log10 3 � 0.4771 , log10 9 � 0.9542

2 log10 3 = log10 32 (= log10 9)

a a > 0 a \= 1 M > 0 r

2) loga Mr = r loga M

log

log3 23 = 3 log3 2 log2

(
3
5

)4
= 4 log2

3
5

� �
(p.204)

2) (ax)y = axy

a

2) loga Mr = r loga M

� �
– www.ftext.org –
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2) (ax)y = axy a

�

loga(ax)y = loga axy

⇔ loga(ax)y = xy � (p.219)

ax = M y = r x = loga M � (p.219)

loga Mr = r loga M �

� �

(1) log10 25 + log10 4 (2) log5 45 + 2 log5
5
3

(3) log3 72 − 3 log3 2 (4) log2

√
5 − 1

2
log2

1
2
− 3

2
log2

3√10

� �

(1)

log10 25 + log10 4

= log10(25 × 4) �
(p.222)

= log10 102 = 2 � (p.219)

(2)

log5 45 + 2 log5
5
3

= log5 45 + log5

(
5
3

)2
�

(p.224)

= log5 45 + log5
25
9

= log5
45 × 25

9
�

(p.222)

= log5 53 = 3 � (p.219)

(3)

log3 72 − 3 log3 2

= log3 72 − log3 23 �
(p.224)

= log3
72
8

�
(p.222)

= log3 32 = 2 � (p.219)

– www.ftext.org –



226 5

(4)

log2

√
5 − 1

2
log2

1
2
− 3

2
log2

3√
10

= log2 5
1
2 − log2

(
1
2

) 1
2 − log2 (10

1
3 )

3
2 �

(p.224)

= log2 5
1
2 − log2

1
2

1
2
− log2 10

1
2

= log2
5

1
2

2
1
2 × 10

1
2

�
(p.222)

= log2
5

1
2

2
1
2 × 2

1
2 × 5

1
2

= log2 2−1 = −1

5.2.3

loga b =
logc b
logc a

2 log2 3 (p.346)

log2 3 =
log10 3
log10 2

� 0.4771
0.3010

� 1.585

a b c a \= 1 c \= 1

3) loga b =
logc b
logc a

b = c loga b = 1
logb a

� �
ax = b c

3) loga b =
logc b
logc a

a b c a \= 1 c \= 1
� �
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3)

ax = b c

logc ax = logc b

⇔ x logc a = logc b �
(p.224)

⇔ x =
logc b
logc a

ax = b loga b = x loga b =
logc b
logc a
�

� �

(1) log9

√
27 (2) log2 6 − log4 9

(3) log2 6 − log2

√
27 + log4 12 (4) (log2 9 + log8 3)(log3 16 + log9 4)

� �

(1)

log9

√
27

= log9 3
3
2

=
3
2

log9 3 �
(p.224)

=
3
2

log9 9
1
2 � log9 3 = x ⇔ 9x = 3 ⇔ 32x = 3

x = 1
2

=
3
2
· 1

2
=

3
4

(2)

log2 6 − log4 9

= log2 6 − log2 9
log2 4

� (p.226)

= log2 6 − 1
2

log2 9

= log2 6 − log2 9
1
2 �

(p.224)
= log2 6 − log2 3

= log2
6
3

�
(p.222)

= log2 2 = 1
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(3)

log2 6 − log2

√
27 + log4 12

= log2 6 − log2 3
√

3 +
log2 12
log2 4

� (p.226) 2

= log2 6 − log2 3
√

3 + 1
2

log2 12

= log2 6 − log2 3
√

3 + log2 12
1
2 �

(p.224)
= log2 6 − log2 3

√
3 + log2 2

√
3

= log2
6 · 2√3

3
√

3
�

(p.222)

= log2 22 = 2

(4)

(log2 9 + log8 3)︸��������������︷︷��������������︸ (log3 16 + log9 4)︸����������������︷︷����������������︸
=

(
log2 32 +

log2 3
log2 23

)
·
(
log3 24 +

log3 22

log3 32

)
� (p.226)

=

(
2 log2 3 +

log2 3
3

)
· (4 log3 2 + log3 2

)
=

7
3

log2 3 · 5 log3 2

=
35
3

log2 3 · 1
log2 3

� (p.226)

=
35
3

� �

(1) loga b · logb c = loga c

a b c a \= 1 b \= 1

(2) (1)

log2 3 · log3 5 · log5 8 · log8 16

� �

(1)

loga b · logb c

= loga b · loga c
loga b

� iv) (p.226)
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= loga c �

(2)

log2 3 · log3 5 · log5 8 · log8 16

= log2 5 · log5 8 · log8 16 � (1)

= log2 8 · log8 16 � (1)

= log2 16 = 4 � (1)

5.2.4

ax = M loga M = x x = loga M

ax = M

aloga M = M

loga M (p.219) a M

a

M

a a > 0 a \= 1 M > 0

4) aloga M = M

� �

(1) 16log2 3 (2) 25
log 1

5
4

� �

(1)

16log2 3 = 24 log2 3

= 2log2 34
�

(p.224)
= 34 � (p.229)

= 81

– www.ftext.org –
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(2)

25
log 1

5
4
=

(
1
5

)−2 log 1
5

4

=

(
1
5

)log 1
5

4−2

�
(p.224)

= 4−2 � (p.229)

=
1
16
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§ 5.3

5.3.1

(a, b) (b, a)

A(a, b) (a \= b)
y = x

A(a, b)

B(b, a)

||

||

x

y

O

x a y b B(b, a)

2 A B
(

a + b
2

,
a + b

2

)
y = x 2 A

B a − b
b − a

= −1 y = x

2 A B

y = x

a > 0, a \= 1 x

y = loga x

a (base) x (logarithmic function)

y = logz x

STEP1
(p.219)

y = ax ⇐⇒ x = loga y

y = ax x = loga y

STEP2
x = loga y (x, y) x y

y = loga x

– www.ftext.org –
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y = ax y = loga x y = x

y = loga x *3

y = ax y = loga x

i) a > 1
y = ax

1

a

a

1

y = loga x

y = x

x

y

ii) 0 < a < 1
y = ax

1
a

a

1

y = loga x

y = x

x

y

5.3.2

(p.231)

y = loga x

*3 x y = f (x) y x
x = f −1(y) (inverse function) FTEXT

III
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a > 1

y = loga x

1 x1

loga x1

x2

loga x2

x

y

O

0 < a < 1

y = loga x

1 x1

loga x1

x2

loga x2

x

y

O

1)

2) (1, 0) y

3) x y 1 1

loga x1 = loga x2 ⇐⇒ x1 = x2

4)

a) a > 1

x1 < x2 ⇐⇒ loga x1 < loga x2

b) 0 < a < 1

x1 < x2 ⇐⇒ loga x1 > loga x2

0 < a < 1 x1 x2 loga x1 loga x2

log2 3 < log2 4 log0.5 3 > log0.5 4

� �

(1) 1
2

log2
1
3
−1 log2 3−1 (2) 1

2
1
2

log3 5 − log3
1
2

� �

(1) �

1
2

log2
1
3
= log2

(
1
3

) 1
2
= log2

1√
3

− 1 = log2 2−1 = log2
1
2

log2 3−1 = log2
1
3

� 2
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y = log2 x 1
3
<

1
2
<

1√
3

log2
1
3
< log2

1
2
< log2

1√
3

∴ log2 3−1 < −1 < 1
2

log2
1
3

�

1
3

log2 3−1

1
2

−1

1√
3

1
2 log2

1
3

y = log2 x

x

y

O

(p.233)

(2) �

1
2
= log3 (3)

1
2 = log3

√
3

1
2

log3 5 = log3 5
1
2 = log3

√
5

− log3
1
2
= log3

(
1
2

)−1
= log3 2 � 3

y = log3 x
√

3 < 2 <
√

5

log3

√
3 < log3 2 < log3

√
5

∴
1
2
< − log3

1
2
<

1
2

log3 5 �

√
3

1
2

2

− log3
1
2

√
5

1
2 log3 5

y = log3 x

x

y

O

(p.233)

1 1� �

(1) log2 x = 2 (2) log3 x < 1

(3) log 1
3

x > 1 (4) log 1
2
(x + 1) > 3

� �

(1) x > 0 �

log2 x = 2

⇔ log2 x = log2 22 � 2 = log2 22

⇔ x = 4 � (p.233)

(2)

x > 0 · · · · · · · · · · · · · · · · · · · · · · 1©

�

log3 x < 1
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⇔ log3 x < log3 3 � 1 = log3 3

⇔ x < 3 · · · · · · · · · · · · · · · · · · · · · · 2© � (p.233)

1© 2© x 0 < x < 3
(3)

x > 0 · · · · · · · · · · · · · · · · · · · · · · 3©

�

log 1
3

x > 1

⇔ log 1
3

x > log 1
3

1
3

� 1 = log 1
3

1
3

⇔ x < 1
3

· · · · · · · · · · · · · · · · · · · · · · 4© � (p.233)

3© 4© x 0 < x < 1
3

(4) x + 1 > 0

x > −1 · · · · · · · · · · · · · · · · · · · · · · 5©

�

log 1
2
(x + 1) > 3

⇔ log 1
2
(x + 1) > log 1

2

(
1
2

)3
� 3 = log 1

2

(
1
2

)3

⇔ x + 1 < 1
8

� (p.233)

⇔ x < − 7
8

· · · · · · · · · · · · · · · · · · · · · · 6©

5© 6© x −1 < x < − 7
8

> 0

1 1� �

(1) log2(x + 1) + log2(x − 2) = 2 (2) log2(x + 3) � 1 + log2 x

(3) 2 log10(x − 4) = log10(x − 1) + log10 4 (4) 2 log2(x − 4) < log2 2x
� �

(1) x + 1 > 0 x − 2 > 0

x > 2 · · · · · · · · · · · · · · · · · · · · · · 1©

– www.ftext.org –
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�

log2(x + 1) + log2(x − 2) = 2

⇔ log2(x + 1) + log2(x − 2) = log2 22 � 2 = log2 22

⇔ log2(x + 1)(x − 2) = log2 22 �
(p.222)

⇔ (x + 1)(x − 2) = 22 � (p.233)

⇔ x2 − x − 6 = 0

⇔ (x + 2)(x − 3) = 0

⇔ x = −2, 3 · · · · · · · · · · · · · · · · · · · · · · 2©

1© 2© x x = 3
(2) x + 3 > 0 x > 0

x > 0 · · · · · · · · · · · · · · · · · · · · · · 3©

�

log2(x + 3) � 1 + log2 x

⇔ log2(x + 3) � log2 2 + log2 x � 1 = log2 2

⇔ log2(x + 3) � log2 2x �
(p.224)⇔ x + 3 � 2x � (p.233)

⇔ x � 3 · · · · · · · · · · · · · · · · · · · · · · 4©

3© 4© x 0 < x � 3
(3) x − 4 > 0 x − 1 > 0

x > 1 · · · · · · · · · · · · · · · · · · · · · · 5©

�

2 log10(x − 4) = log10(x − 1) + log10 4

⇔ log10(x − 4)2 = log10(x − 1) + log10 4 �
(p.224)

⇔ log10(x − 4)2 = log10 4(x − 1) �
(p.222)

⇔ (x − 4)2 = 4(x − 1) � (p.233)

⇔ x2 − 12x + 20 = 0

⇔ (x − 2)(x − 10) = 0

⇔ x = 2, 10 · · · · · · · · · · · · · · · · · · · · · · 6©

5© 6© x x = 2, 10
(4) x − 4 > 0 2x > 0
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x > 0 · · · · · · · · · · · · · · · · · · · · · · 7©

�

2 log2(x − 4) < log2 2x

⇔ log2(x − 4)2 < log2 2x �
(p.224)

⇔ (x − 4)2 < 2x � (p.233)

⇔ x2 − 10x + 16 < 0

⇔ (x − 2)(x − 8) < 0

⇔ 2 < x < 8 · · · · · · · · · · · · · · · · · · · · · · 8©

7© 8© x 2 < x < 8

2 2� �

(1)
(
log3 x

)2 − log3 x2 = 3 (2)
(
log2 x

)2
+ log2 x2 − 3 < 0

(3)
(
log10 x

)2 − 2 log10 x2 + 3 = 0 (4)
(
log3 x

)2 − log3 x2 − 8 � 0
� �

(1) x > 0 x2 > 0 �

x > 0 · · · · · · · · · · · · · · · · · · · · · · 1©

(
log3 x

)2 − log3 x2 = 3

⇔ (
log3 x

)2 − 2 log3 x − 3 = 0

log3 x = t

t2 − 2t − 3 = 0 � log3 x = t 2

⇔ (t + 1)(t − 3) = 0

⇔ t = −1, 3

log3 x = −1, 3 1© x

x = 1
3
, 27

(2) x > 0 x2 > 0 �

x > 0 · · · · · · · · · · · · · · · · · · · · · · 2©
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(
log2 x

)2 − log2 x2 − 3 < 0

⇔ (
log2 x

)2 − 2 log2 x − 3 < 0

log2 x = t

t2 − 2t − 3 < 0

⇔ (t + 1)(t − 3) < 0

⇔ − 1 < t < 3

−1 < log2 x < 3 2© x
1
3
< x < 27

(3) x > 0 x2 > 0 �

x > 0 · · · · · · · · · · · · · · · · · · · · · · 3©

(
log10 x

)2 − 2 log10 x2 + 3 = 0

⇔ (
log10 x

)2 − 4 log10 x + 3 = 0

log10 x = t

t2 − 4t + 3 = 0

⇔ (t − 3)(t − 1) = 0

⇔ t = 1, 3

log10 x = 1, 3 3© x

x = 3, 27
(4) x > 0 x2 > 0 �

x > 0 · · · · · · · · · · · · · · · · · · · · · · 4©

(
log3 x

)2 − log3 x2 − 8 � 0

⇔ (
log3 x

)2 − 2 log3 x − 8 � 0

log3 x = t

t2 − 2t − 8 � 0
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⇔ (t + 2)(t − 4) � 0

⇔ t � −2, 4 � t

log3 x � −2, 4 � log3 x 4©
x 0 < x � 1

9
, 81 � x

2� �
x

(1) y = (log3 x)2 − log3 x2 + 3
(

1
3
� x � 9

)

(2) y =
(
log2

x
8

) (
log4

x
2

)
(1 � x � 8)

� �

(1) log3 x = X 1
3
� x � 9

log3
1
3
� log3 x � log3 9

⇔ log3 3−1 � log3 x � log3 32

∴ − 1 � X � 2

y = (log3 x)2 − log3 x2 + 3

= (log3 x)2 − 2 log3 x + 3

= X2 − 2X + 3

= (X − 1)2 + 2

X = −1 x = 1
3 �

y = X2 − 2X + 3

−1

6

1

2

2

3

X

y

O
6 X = 1 x = 3 2

(2) log2 x = X 1 � x � 8

log2 1 � log2 x � log2 8

⇔ log3 20 � log2 x � log2 23

∴ 0 � X � 3

y =
(
log2

x
8

) (
log4

x
2

)

= (log2 x − log2 8)
log2

x
2

log2 4
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= (log2 x − log2 8)
log2 x − log2 2

log2 4

= (log2 x − log2 23)
log2 x − log2 2

log2
2

=
1
2

(log2 x − 3)(log2 x − 1)

=
1
2

(X − 3)(X − 1)

X = 0 x = 1 3
2 �

y = 1
2

(X − 3)(X − 1)

3
2

1 3
2

− 1
2

X

y

O

X = 2 x = 4 − 1
2
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§ 5.4

5.4.1

1 5000 km 10

150000000 [km]

10

1.5 × 108 km

108 9

x � 1 x 1 a (1 � a < 10) n

a × 10n

1 n + 1

1m 1 2500 1 10

1
125000

= 0.000008 [m]

0

0 10

8 × 10−6
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10−6 6 0

0 < x < 1 x 1 a (1 � a < 10) n

a × 10n

1 n 0

� �

(1) 380000 [km] a × 10n [km]

1 � a < 10 n

(2) 150000000 [km] (1)

(3) 0.0000000000000000000000017 [g] a ×
10n [g] 1 � a < 10 n

(4) 0.000000000000000000000020 [g] (3)

� �

(1) 380000 = 3.8 × 105

(2) 150000000 = 1.5 × 108

1.5 × 108

3.8 × 105 =
1.5
3.8
× 103 = 394.7 · · ·

395
(3) 0.0000000000000000000000017 = 1.7 × 10−24

(4) 0.000000000000000000000020 = 2.0 × 10−23

2.0 × 10−23

1.7 × 10−24 =
2.0
1.7
× 10 = 11.76 · · ·

11.8
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5.4.2

10 log10 x (common logarithm)

(p.346) 1.00 9.99

5 4

� �
(p.346) 4

3

(1) log10 3250 (2) log10 0.0237 (3) log10
11
7

(4) log10

√
5 (5) log2 3.4 (6) log3.19

4√3
� �

(1)

log10 3250 = log10(3.25 × 103)

= log10 3.25 + log10 103 �
(p.222)

= log10 3.25 + 3

= 0.5119 + 3 = 3.5119

log10 3250 � 3.512
(2)

log10 0.0237 = log10(2.37 × 10−2)

= log10 2.37 + log10 10−2 �
(p.222)

= log10 2.37 − 2

= 0.3747 − 2 = −1.6253

log10 0.0237 � −1.625
(3)

log10
11
7
= log10 11 − log10 7 �

(p.222)
= log10(1.1 × 10) − log10 7

= log10 1.1 + log10 10 − log10 7 �
(p.222)

= log10 1.1 + 1 − log10 7

= 0.0414 + 1 − 0.8451 = 0.1963
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log10
11
7
� 0.196

(4)

log10

√
5 = log10 5

1
2

=
1
2

log10 5 �
(p.224)

=
1
2
× 0.6990 = 0.3495

log10

√
5 � 0.350

(5)

log2 3.4 =
log10 3.4
log10 2

� (p.226)

=
0.5315
0.3010

= 1.7657 · · ·

log2 3.4 � 1.766
(6)

log3.19
4√
3 =

log10
4√3

log10 3.19
� (p.226)

=
log10 3

1
4

log10 3.19

=

1
4

log10 3

log10 3.19
�

(p.224)

=

1
4
× 0.4771

0.5038
= 0.2367 · · ·

log3.19
4√3 � 0.237

� �
(p.346) 2

1

(1) 1242 × (0.37)8 (2) 7215

3.14 × 1435 × √143
� �

(1) x = 1242 × (0.37)8 x

log10 x = log10

{
1242 × (0.37)8

}
= log10 1242 + log10(0.37)8

= 2 log10 124 + 8 log10 0.37

= 2 log10(1.24 × 102) + 8 log10(3.7 × 10−1)
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= 2(log10 1.24 + log10 102)

+ 8(log10 3.7 + log10 10−1)

= 2(0.0934 + 2) + 8(0.5682 − 1) = 0.7324

x = 5.40

5.4
(2) x = 7215

3.14 × 1435 × √143
x

log10 x

= log10
7215

3.14 × 1435 × √143

= log10
7215

3.14 × 1435.5

= 5 log10 721 − (4 log10 3.1 + 5.5 log10 143)

= 5 log10(7.21 × 102) − 4 log10 3.1

−5.5 log10(1.43 × 102)

= 5(log10 7.21 + 2) − 4 log10 3.1

−5.5(log10 1.43 + 2)

= 5(0.8579 + 2) − 4 · 0.4914 − 5.5(0.1553 + 2)

= 0.46975

x = 2.95

3.0

(p.346) (Johon Napier)

(Henry Briggs)

(Pierre Simonn de Laplace)

2

� �
log10 2 � 0.3010 log10 3 � 0.4771

(1) 5101 5101

(2)
(

1
3

)20
0

� �
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(1) 5101

log10 5101

= 101 log10 5

= 101(log10 10 − log10 2)

= 101(1 − 0.3010)

= 70.599

5101 = 1070.599

1070.599 100.599+70

100.599︸�︷︷�︸
A

× 1070︸︷︷︸
B

2 A

(1 =) 100 � 100.599 < 101 (= 10)

B 100.599 × 1070

5101 71 �
(p.241)

1 = 100

2 = 100.3010

3 = 100.4771

4 = 22 = 100.3010×2 = 100.6020

A

(3 =) 100.4771 < 100.599 < 100.6020 (= 4)

100.599 = 3. · · · 5101

3 � 5101 = 100.599×1070 = 3. · · ·×1070

(2)
(

1
3

)20

log10

(
1
3

)20

= log10 3−20

= −20 log10 3

= −20 × 0.4771

= −9.542

5101 = 10−9.542
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10−9.542 100.458−10

100.458︸�︷︷�︸
A

× 10−10︸︷︷︸
B

2 A

(1 =) 100 � 100.458 < 101 (= 10)

B 100.458 × 10−10

5101 10 0

�
(p.242)

1 = 100

2 = 100.3010

3 = 100.4771

A

(2 =) 100.3010 < 100.458 < 100.4771 (= 3)

100.458 = 2. · · ·
(

1
3

)20

2 �
(

1
3

)20
= 100.458 ×10−10 = 2. · · · ×

10−10
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